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ON THE CONICAL NOVIKOV HOMOLOGY
ANDREI PAJITNOV
Dedicated to the memory of Andrew RANICKI.
ABSTRACT. Let ω be a Morse form on a closed connected manifold M . Let p :xM ÑM be a regular covering with structure group G, such that p˚prωsq “ 0. The
period homomorphism pi1pMq Ñ R corresponding to ω factors through a homomor-
phism ξ : G Ñ R. The rank of Im ξ is called the irrationality degree of ξ. Denote
by Λ the group ring ZG and let pΛξ be its Novikov completion. Choose a transverse
ω-gradient v. The classical construction of counting the flow lines of v defines the
Novikov complex N˚ freely generated over pΛξ by the set of zeroes of ω.
In this paper we introduce a refinement of this construction. We define a subringpΛΓ of pΛξ (depending on an auxiliary parameter Γ which is a certain cone in the
vector space H1pG, Rq) and show that the Novikov complex N˚ is defined actually
over pΛΓ and computes the homology of the chain complex C˚pxMq b
Λ
pΛΓ. In the
particular case when G « Z2, and the irrationality degree of ξ equals 2, the ring pΛΓ
is isomorphic to the ring of series in 2 variables x, y of the form
ř
rPN arx
nrymr
where ar, nr,mr P Z and both nr, mr converge to 8 when r Ñ 8.
The algebraic part of the proof is based on a suitable generalization of the classi-
cal algorithm of approximating irrational numbers by rationals. The geometric part
is a straightforward generalization of the author’s proof of the particular case of this
theorem concerning the circle-valued Morse maps [15]. As a byproduct we obtain a
simple proof of the properties of the Novikov complex for the case of Morse forms of
irrationality degree ą 1.
The paper contains two appendices. In Appendix 1 we give an overview of the E.
Pitcher’s work on circle-valued Morse theory (1939). We show that Pitcher’s lower
bounds for the number of critical points of a circle-valued Morse map coincide with
the torsion-free part of the Novikov inequalities (1982). In Appendix 2 we construct
a circle-valued Morse map and its gradient such that its unique Novikov incidence
coefficient is a power series in one variable with an arbitrarily small convergence
radius.
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1. INTRODUCTION
1.1. Background. Apparently the first recorded work about circle-valued Morse
functions was Everett Pitcher’s paper [16], published in 1939. : E. Pitcher gave
there lower bounds for the number of critical points of a Morse map f : M Ñ S1
in terms of homology invariants of the corresponding infinite cyclic covering. His
paper is much less known than more recent works of S. P. Novikov, so we outline
E. Pitcher’s work in Appendix 1. We show in particular that his inequalities are
equivalent to the torsion-free part of the Novikov inequalities.
The circle-valued Morse theory as it exists today was initiated by S.P. Novikov [10].
In this work S.P. Novikov considered a Morse map f : M Ñ S1 and out-
lined a construction of a chain complex generated by critical points of f . The
base ring of this complex is the ring of integer Laurent series with finite negative
part Zpptqq “ Zrrtssrt´1s. The chain complex computes the semi-open homology
H˚pxM,8`q of the corresponding infinite cyclic covering xM . One immediate con-
sequence is the Novikov inequality for the number of critical points of f of index
r:
(1) mrpfq > brpM, ξq ` qrpM, ξq ` qr´1pM, ξq,
where we denote by br and qr the rank and torsion number of the above homology
in degree r, and ξ is the homotopy class of f in the group rM,S1s « H1pM,Zq.
S.P. Novikov suggested also a generalization of this construction to the case of
Morse forms (recall that a closed 1-form is called Morse form, if locally it is the
differential of a Morse function). The ring Zpptqq is replaced in this case by a
corresponding completion of the ring ZrZks, where k is the maximal number of
rationally independent periods of the Morse form in question (i.e. the irrationality
degree of the form).
The details of the construction of the chain complex above were not clarified in
[10]. Several authors suggested different approaches to construction of this chain
complex and proof of its properties. In an influential work [4] M. Farber proved the
exactness of the inequalities (1) for the case of manifolds of dimension > 6 with
fundamental group « Z. He also gave a proof of the Novikov inequalities without
using the properties of the chain complex above. Instead of using the Laurent
series ring, M. Farber works with a suitable localization of the polynomial ring
Zrts; the numerical invariants derived from the localized homology of the infinite
cyclic covering coincide with the Novikov numbers.
In his PhD thesis [20] J.-Cl. Sikorav suggested a generalization of the Novikov
homology, replacing the free abelian covering of the manifold in question by the
universal covering. This homology (called sometimes Novikov-Sikorav homology
) turned out to be sufficiently strong so as to detect 3-manifolds fibered over a
circle.
: I am grateful to Andrew Ranicki for pointing out this paper to me.
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A construction of the Novikov complex for a circle-valued Morse map based
on the counting of the flow lines of the gradient of the Morse map was given in
the author’s work [15]. This method was inspired by E. Witten’s framework for
Morse theory [21]. In the work [15] the first complete proof of the properties of the
Novikov complex was given. The proof uses the classical Morse theory on compact
submanifolds of the infinite cyclic covering, and inverse limit arguments.
A different approach was developed in the articles of M. Pozniak (PhD thesis at
the University of Warwick, 1994, published later in [17]) and F. Latour [8]. Both
use the Floer’s method [6]. The proof splits into two parts. Firstly one proves that
d2 “ 0 by studying the space of broken flow lines between critical points. M. Poz-
niak’s argument [17] generalize the argument of D. Salamon [18] concerning the
real-valued Morse functions. It is based on the theory of Fredholm operators in
Sobolev spaces. F. Latour’s argument [8], §2 is based on the transversality prop-
erties of manifolds with singular boundary. The second step is the computation
of the homology of the resulting complex. It is done by different versions of Floer’s
continuation method. One shows that the homology of the Novikov complex does
not change while deforming the Morse form within its cohomology class. After-
wards one shows that in a given de Rham cohomology class there exists always a
Morse form having the same Novikov complex as the completed Morse complex of
a real-valued Morse function. This second step was carried out by M. Pozniak in
his thesis [17], and by F. Latour in the Chapter 2 of [8].
1.2. Overview of the paper. The main object of study in this paper is the Novikov
complex for Morse forms of irrationality degree k ą 1. Let ω be such form, and
p : xM Ñ M a regular covering with structure group G, such that p˚pωq is coho-
mologous to zero. Let v be a transverse ω-gradient. Our approach to construction
of the Novikov complex is based on approximation of ω by rational Morse forms
(that is, multiples of differentials of circle-valued Morse maps). Choose rational
Morse forms ω1, . . . , ωk approximating ω, so that v be an ωi-gradient for each i.
The Novikov complex for ω is then defined over a ring that we call the conical com-
pletion of the group ring ZG. : This conical completion is a much smaller ring
than the initial Novikov ring. For a case when the homology classes of the forms
ω1, . . . , ωk form a regular family (see Sections 3, 4 for the definition) this ring is a
subring of the ring of twisted Laurent series in k variables. This subring consists
of Laurent series that we call special Laurent series (see Section 4 ).
Theorem 3.2 (Section 3) says that we can always find rational forms ω1, . . . , ωk
arbitrarily close to ω, such that the family of their homology classes is regular.
The argument is based on a suitable generalization of the classical algorithm of
approximating irrational numbers by rationals.
The properties of the conical refinement of the Novikov complex are stated in
the main theorem of the paper (Theorem 5.1); the proof is given in Section 7.
The advantage of our approach is that the proof of the properties of the Novikov
complex is reduced to the proof for the case of rational forms done in [15]. The
section 6 contains the outline of this proof.
The paper contains two appendices. In Appendix 1 we give an overview of the E.
Pitcher’s work on circle-valued Morse theory (1939). We show that Pitcher’s lower
bounds for the number of critical points of a circle-valued Morse map coincide with
:These completions were present implicitly already in the author’s paper [12].
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the torsion-free part of the Novikov inequalities (1982). In Appendix 2 we construct
a circle-valued Morse map and its gradient such that its unique Novikov incidence
coefficient is a power series in one variable with an arbitrarily small convergence
radius.
1.3. Remarks on terminology. In this paper we work with three types of regular
coverings of the manifold M : 1) infinite cyclic coverings, 2) covering with free
abelian structure group, 3) coverings with a structure group G endowed with an
epimorphism onto a free abelian group. The coverings of the first type will be
denoted by M Ñ M (or M i Ñ M if we work with several such coverings). The
coverings of the second type will be denoted by ĂM Ñ M . The coverings of the
third type will be denoted by xM Ñ M . We assume that the structure groups
act on regular coverings from the right, so that the singular chain complex of
the covering is a right module over the group ring. The singular chain complex
of a topological space X is denoted by S˚pXq, the simplicial chain complex of a
simplicial space Y is denoted by ∆˚pY q. The end of a proof is marked by , the
end of a remark or a definition is marked by △.
1.4. Acknowledgements. I am indebted to A. Ranicki for many discussions on
circle-valued Morse theory. I am grateful to G. Ziegler for the references about
integral cones and to J. Gubeladze for nice and helpful discussion about bases
in integral cones. Thanks to anonymous referee, whose remarks have lead to a
considerable improvement of the manuscript. Many thanks to F. Bogomolov for
his constant support.
2. CONICAL COMPLETIONS OF GROUP RINGS AND CHAIN COMPLEXES
2.1. Completions of group rings. Let G be a group; we denote by Λ the group
ring ZG. Let ξ : G Ñ R be a homomorphism. Intuitively, the Novikov com-
pletion pΛξ of the ring Λ consists of some special infinite linear combinations of
the elements of G, namely the combinations that are infinite in the direction of
decreasing of ξ. To give a precise definition let
ppΛ be the set of all formal lin-
ear combinations (infinite in general) λ “ řgPG ngg, ng P Z. For λ P ppΛ put
supp λ “ tg | ng ­“ 0u. For C P R put
rλsξ,C “ tg P supp λ | ξpgq > Cu.
Definition 2.1. ([10], [20])
(2) pΛξ “ tλ P ppΛ | @C the set rλsξ,C is finite u
(3)
ppΛ´ξ “ tλ P ppΛ | supp λ Ă ξ´1ps ´ 8, 0squ
(4) pΛ´ξ “ pΛξ X ppΛ´ξ .
Equivalently
(5) pΛξ “ #λ “ 8ÿ
i“0
nigi | ni P Z, ξpgiq Ñ ´8 as i Ñ 8
+
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(6) pΛ´ξ “
#
λ “
8ÿ
i“0
nigi
ˇˇ
ni P Z, ξpgiq 6 0 for all i, and ξpgiq Ñ ´8 as i Ñ 8
+
It is easy to see that pΛξ is a ring, and pΛ´ξ is a subring of pΛξ. These rings will be
called Novikov completions of the group ring Λ. △
The basic algebraic objects of the present paper are conical Novikov completions of
the group rings, introduced in the next definition.
Definition 2.2. Let Γ “ tξ1, . . . , ξku be a finite set of homomorphisms G Ñ R. PutpΛΓ “č
i
pΛξi , pΛ´Γ “č
i
pΛ´ξi ,(7)
pΛ˝Γ “ ď
gPG
g ¨ pΛ´Γ . △(8)
Remark 2.3. The definitions of the rings pΛ´ξ and pΛ´Γ can be reformulated in terms
of inverse limits of rings. Namely, for λ P Λ define the ξ-height hξpλq of λ as
follows:
hξpλq “ max
gPsupp λ
pξpgqq.
For a real number K put Λ´ξ,K “ tλ P Λ | hξpλq 6 Ku. We abbreviate Λ´ξ,0 to
Λ´ξ . Then pΛ´ξ is isomorphic to the inverse limit of the following sequence of ring
projections
Λ´ξ
M
Λ´ξ,´1 oo . . . oo Λ
´
ξ
M
Λ´ξ,´n oo . . .
For a finite set Γ “ tξ1, . . . , ξku of homomorphisms G Ñ R put Λ´Γ,K “
Ş
iΛ
´
ξi,K
.
We abbreviate ΛΓ,0 to Λ
´
Γ . Then
pΛ´Γ is isomorphic to the inverse limit of the follow-
ing sequence of ring projections
Λ´Γ
M
Λ´Γ,´1 oo . . . oo Λ
´
Γ
M
Λ´Γ,´n oo . . . △
We have pΛ´Γ Ă pΛ˝Γ Ă pΛΓ. Assume that all ξi factor through an epimorphism
ζ : G Ñ Zn, that is, there are ξ¯i : Zn Ñ R, such that ξi “ ξ¯i ˝ ζ (this is always the
case for some n, if G is finitely generated). Choose and fix such an epimorphism ζ.
The extensions of ξ¯i to linear forms R
n Ñ R will be denoted by the same symbols
ξ¯i. Put
(9) CΓ “
 
x P Rn | ξ¯ipxq 6 0 for every i
(
.
Proposition 2.4. Assume that CΓ is a solid cone.
: Then pΛ˝Γ “ pΛΓ.
Proof. Let λ P pΛΓ. The set E “ supp λ z ζ´1pCΓq is finite. Since CΓ is a solid
cone, there is a ball B Ă Int pCΓq of any given radius. So we can assume that for
some a P ζpGq we have ζpEq ` a Ă Int pCΓq. Therefore the support of ζ´1paq ¨ E is
in CΓ, and the proposition is proved. 
Definition 2.5. We say that Γ is admissible, if CΓ is a solid cone.
: Recall [1] that a subset X Ă Rn is called cone if for every a P X and θ > 0 we have θa P X. A
cone is called solid if it has a non-empty interior.
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Remark 2.6. Observe that CΓ is a solid cone if and only if there exists g P
G such that ξipgq ă 0 for every i. Thus for a family Γ the property of being
admissible does not depend on the choice of the epimorphism ζ. △
A basic example of an admissible cone is provided by the following obvious
proposition.
Proposition 2.7. Let ξ : G Ñ R be a homomorphism, that factors through ζ :
G Ñ Zn. Then there is a neighbourhood U of ξ¯ in LpRn,Rq such that any set Γ “
tξ1, . . . , ξku with all ξ¯i in U is admissible. If || ¨ || denotes the norm in LpRn,Rq
associated to a scalar product in Rn, then we can take U “ tη | ||η ´ ξ¯|| ă ||ξ¯||u. 
Remark 2.8. For non-admissible cones the conclusion of Proposition 2.4 is not
valid in general. For example, let G “ Z, ξ “ id : G Ñ Z, and Γ “ tξ,´ξu. ThenpΛΓ “ ZrZs, pΛ´Γ « Z , and pΛ˝Γ is not a subgroup. △
2.2. Completions of chain complexes. Similarly to completions of group rings
we can define completions of singular and cellular chain complexes of coverings.
Let M be a connected topological space, and p : xM Ñ M a regular covering
of M with structure group G. Let S˚pxM q be the singular chain complex of xM .
We denote by
ppS˚pxM q the set of all formal linear combinations (infinite in general)
T “ řσ nσσ, nσ P Z where σ ranges over singular simplices of xM .
Let ξ : G Ñ R be a homomorphism factoring through some epimorphism G Ñ
Zn. We have then a regular covering rp : ĂM Ñ M with structure group Zn, and a
commutative diagram of Zn-coverings
ĂM
rp

rρ // Rn
p0

M
ρ // Tn
The homomorphism ξ can be considered as an element of H1pM, Rq. We have
ξ “ ρ˚pξ0q for some class ξ0 P H1pTn,Rq. Let ω0 P Ω1pTnq be a closed 1-form with
rω0s “ ξ0, choose a function φ : Rn Ñ R such that dφ “ p˚0pω0q, and let F “ φ ˝ rρ.
Observe that F pgxq “ F pxq ` ξpgq, where g P G.
Definition 2.9. ([10], [20]) For C P R and T “ řσ nσσ P ppS˚pxMq put supp T “ tσ P
S˚pxMq | nσ ­“ 0u. Let rT sF,C “ tσ P supp T | pF |σq > Cu. Put
(10) pS˚pxM, ξq “ "T P ppS˚pxM q | @C the set rT sF,C is finite *
(11)
ppS´˚ pxM,F q “ "T P ppS˚pxM q | supp T Ă F´1ps ´ 8, 0sq*
(12) pS´˚ pxM,F q “ pS˚pxM, ξq X ppS´˚ pxM,F q
These chain complexes will be called Novikov completions of the singular chain
complex of xM . △
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Observe that the completion (10) depends only on ξ but not on the particular
choices of ω0 in the de Rham cohomology class ξ0, neither on the choice of the
function φ.
Definition 2.10. Let ξ1, . . . , ξk : G Ñ R be homomorphisms all factoring through
ζ : G Ñ Zn. For each i choose the corresponding function φi : Rn Ñ R, and put
Fi “ φi ˝ rρ. Write Γ “ tξ1, . . . , ξku, and F “ tF1, . . . , Fku. Put
pS˚pxM,Γq “č
i
pS˚pxM, ξiq, pS´˚ pxM,Fq “č
i
pS´˚ pxM,Fiq,(13)
pS˝˚pxM,Γq “ ď
gPG
g ¨ pS´˚ pxM,Fq.(14)
We have obviously pS´˚ pxM,Fq Ă pS˝˚pxM,Γq Ă pS˚pxM, ξq. △
Remark 2.11. For r P N let xM prq “ tx P xM | @i Fipxq 6 ´ru. We obtain a
decreasing filtration Fr “ S˚pxM prqq in S˚pxM q and pS˚pxM,Γq is the inverse limit of
the corresponding inverse system
. . . oo S˚
` xM˘{S˚` xM prq˘ oo S˚` xM˘{S˚` xM pr`1q˘ oo . . . △
Observe that pS´˚ pxM,Fq is a right pΛ´Γ -module. The natural inclusion pS´˚ pxM,Fq

 // pS˚pxM,Γq extends obviously to a homomorphism
(15) I : pS´˚ pxM,Fq bpΛ´
Γ
pΛΓ // pS˚pxM,Γq.
Proposition 2.12. Assume that CΓ is a solid cone. Then
1) pS˝˚pxM,Γq “ pS˚pxM,Γq.
2) I is an isomorphism.
Proof. The proof of the first part and of surjectivity of I is similar to Proposition
2.4 and will be omitted. As for the injectivity of I, assume that for some non-zero
element ξ “ řNj“1 gj b ξj (with gj P G, ξj P pS´˚ pxM,Fq ) we have Ipξq “ 0. Pick
g P G such that ggj P Λ´Γ for every j. Then gξ “
ř
j ggj b ξj P pS´˚ pxM,Fq, and
Ipgξq “ gIpξq “ 0, which is impossible since I | pS´˚ pxM,Fq is injective. 
2.3. Singular homology versus cellular homology. In this subsection we will
use the terminology of the previous one. IfM is a CW complex, then we can endowxM with a G-invariant CW structure. Similarly to Definition 2.9 and Remark 2.11
one can define conical completions of the cellular chain complex C˚pxM q:
Definition 2.13. Let C
prq
˚ pxM q be the subcomplex of all cellular chains contained
in xM prq. These subcomplexes form a decreasing filtration of C˚pxM q; denote bypC˚pxM,Γq the corresponding inverse limit. The subcomplexes Cprq˚ pxMq for r > 0
form a decreasing filtration of C
p0q
˚ pxM q; denote by pC´˚ pxM,Fq the corresponding
inverse limit. PutpC˝˚pxM,Γq “ ď
gPG
g ¨ pC´˚ pxM,Fq Ă pC˚pxM,Γq. △
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We are going to prove that the homology modules of the cellular and singular
versions of the conical completions are isomorphic. Let M rms be the m-skeleton
of M . We have canonical ZG-equivalences: Φ : C˚pxMq // S˚pxMq such that
1) ΦpCmpxM qq Ă S˚pxM rmsq;
2) if we endow C˚pxMq with the filtration by the subcomplexes
Cpsq˚ “ t0 oo C0pxMq oo . . . oo CspxM q oo 0 . . .u
(we call this filtration trivial ), then the map Φ induces the identity isomor-
phism in the homology of the quotient complexes:
CmpxM q « // HmpxM rms{xM rm´1sq.
(see for example [15], Section 3). Extending Φ to the completion we obtain a
chain map
(16) pΦ : pC˚pxM,Γq // pS˚pxM,Γq.
Proposition 2.14. Assume that M is a finite CW-complex and CΓ is a solid cone.
then the chain map (16) induces an isomorphism in homology.
Proof. Both pC˚pxM,Γq and pS˚pxM,Γq are inverse limits of the quotients of their
filtrations. It will be convenient to replace the filtration in the singular chain com-
plex by another one which is equivalent to it. Denote by xMr the minimal CW
subcomplex of xM containing all the cells in xM prq. We obtain filtrations in C˚pxMq
and S˚pxM q equivalent to the previously introduced ones. The chain equivalence
Φ gives rise to a map of corresponding inverse systems which induces an isomor-
phism of the inverse limits of homology modules. Both filtrations satisfy obviously
the Mittag-Leffler condition, therefore lim1 vanish for both, and the homology
modules of the inverse limits are isomorphic. 
2.4. Completions versus tensor products. Along with conical completionspS˚pxM,Γq we can consider tensor products S˚pxMq b
Λ
pΛΓ. We have a natural inclu-
sion S˚pxMq b
Λ
pΛΓ   // pS˚pxM,Γq.
Proposition 2.15. Assume that M has a homotopy type of a finite CW complex.
Then the inclusion i : S˚pxM q b
Λ
pΛΓ   // pS˚pxM,Γq induces an isomorphism in ho-
mology .
We can assume that M is a finite CW complex. Observe that (contrarily to
the case of singular homology) the inclusion C˚pxMq b
Λ
pΛΓ   // pC˚pxM,Γq is an
isomorphism. Consider the following diagram
S˚pxM q b
Λ
pΛΓ i // pS˚pxM,Γq
C˚pxMq b
Λ
pΛΓ
ΦbId
OO
«
// pC˚pxM,Γq
pΦ
OO
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Both vertical arrows are induced by the canonical ZG-equivalence Φ : C˚pxMq „
S˚pxMq. The map pΦ is a homology equivalence by Proposition 2.14, therefore i is
also a homology equivalence. 
For infinite CW complexes the inclusion i above is not necessarily a chain equiv-
alence.
Example 2.16. LetX be an infinite wedge of 2-spheres andM “ S1_X. Let ξ be
the generator ofH1pMq and Γ “ tξu. Then the mapH2pxM qb
Λ
pΛΓ ✤ // H2p pS˚pxM,Γqq
is not epimorphic. △
Remark 2.17. In the original article [10] S.P. Novikov works with completions of
singular chain complexes. The same approach is used by J.-Cl. Sikorav in [20].
In several later papers the authors use another version of the Novikov homology,
defined via tensor products. The above proposition imply that both constructions
are equivalent in the case of finite CW complexes. △
3. REGULAR CONICAL COMPLETIONS
In our applications we will be working with some special families of homomor-
phisms G Ñ R. For these families the corresponding conical completions are
isomorphic to certain subrings of the ring of power series in several variables
(non-commuting in general).
3.1. ξ-regular families.
Definition 3.1. Let ξ : Zk Ñ R and ξ1, . . . , ξk : Zk Ñ Z be group homomorphisms.
We say that the family Γ “ tξ1, . . . , ξku is ξ-regular, if
1) pξ1, . . . , ξkq is a basis in the free abelian group HompZk,Zq.
2) All the coordinates of ξ in the basis pξ1, . . . , ξkq are strictly positive.
It is easy to see that for a ξ-regular family Γ the cone CΓ is a solid cone, and
CΓ Ă ξ´1
`s ´ 8, 0s˘. For a vector v in a vector space we denote by lpvq the ray
generated by v, that is, lpvq “ ttv | t > 0u. For two rays l1, l2 in the Euclidean
vector space Rk we denote by dpl1, l2q the usual angular distance between l1 and
l2 (recall that dpl1, l2q is defined as the distance between the intersection points
l1 X S and l2 X S where S is the Euclidean sphere centered in 0 of radius 1, and
the distance is with respect to the induced Riemannian metric on S).
Theorem 3.2. Let ξ : Zk Ñ R be a monomorphism, and ǫ ą 0. Then there is a
ξ-regular family Γ “ tξ1, . . . , ξku such that dplpξq, lpξiqq ă ǫ for every i.
Choosing a Z-basis in the group Zk we identify the group HompZk,Zq with Zk;
the vector space LpRk,Rq is then identified with Rk. The theorem above follows
from the next theorem dealing with vectors in Rk.
Theorem 3.3. Let v be a vector in Rk “ ZkbR such that its coordinates vp1q, . . . , vpkq
are linearly independent over Q. : Assume that vp1q ą 0. Let ǫ ą 0. Then there are
vectors u1, . . . , uk P Zk such that
1) The family F “ pu1, . . . , ukq P Zk is a Z-basis of Zk.
2) v “ α1u1 ` . . . ` αkuk, with αi ą 0 for every i,
3) dplpvq, lpuiqq ă ǫ for every i,
: Such vectors will be called maximally irrational.
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4) the first coordinates of all vectors ui are ą 0.
Proof. Let us start by constructing a family G satisfying the properties 2) – 4)
of Theorem 3.3. Let N P N be a natural number with N ą
?
k´1
ǫ
. Denote by H
the hyperplane tx | xp1q “ Nu. Pick k vectors a1, . . . , ak P H X Zk such that the
points ai form a pk ´ 1q-simplex in H of diameter 6
?
k ´ 1, containing the point
lpvq X H in its interior. It is obvious that the family G “ pa1, . . . , akq satisfies
the properties 2) and 4) of Theorem 3.3. As for the property 3), recall that the
central projection of a sphere onto its tangent hyperplane is a length-increasing
map, therefore for any rays l1, l2 having non-empty intersection with H we have
dpl1, l2q 6
?
k´1
N
||l1XH´l2XH ||; the property 2) follows. Proceeding to the property
1), observe first that v being maximally irrational, the property 2) guarantees that
the family G is a basis in Rk. To achieve the property 1) we need to refine the above
construction.
Recall that a family B of vectors in Zk is called unimodular if it is a Zk-basis.
The cone CpBq is called unimodular if B is unimodular. The theorem 3.3 follows
immediately from the following well-known fact (see the book of W. Bruns and J.
Gubeladze [2], Th. 2.72 for a proof of a more general result).
Theorem 3.4. For every family B of vectors in Zk the cone CpBq is a union of
unimodular cones. 
To make our exposition self-contained we will give the full proof of our theorem
3.3; the argument below is essentially equivalent to the proof of theorem 3.4 given
in [2]. :
For a family F “ pv1, . . . , vkq of vectors in Rk we denote by P pFq the parallelo-
tope generated by F , that is
P pFq “
#ÿ
i
λivi | 0 6 λi 6 1
+
.
We denote by P0pFq the semi-open parallelotope generated by F , that is
P0pFq “
#ÿ
i
λivi | 0 6 λi ă 1
+
.
Assume that F Ă Zk. A parallelotope P pFq is called empty if it contains no point
of the lattice Zk except its vertices. We will use the following simple lemma (the
proof is omitted).
Lemma 3.5. LetF be a family of k linearly independent vectors in Zk. The following
properties are equivalent:
1) P pFq is empty.
2) P0pFq X Zk “ t0u.
3) | detF | “ 1.
4) volpP pFqq “ 1. 
A family of vectors in Zk satisfying the conditions 2) – 4) of Theorem 3.3 will
be called admissible. In the set of all admissible families choose a family F0 “
pa1, . . . , akq such that that | detpF0q| is minimal possible. I claim that this volume
:After this article was completed, I became aware that a similar argument was also used by D.
Schu¨tz [19] in his work about K-theory of Novikov rings.
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equals 1. Indeed, assume that volp∆q ą 1. Then P0pFq contains at least one point
q P Zk different from 0. Two possibilities can occur:
1) The point q is in one of the semi-open edges r0, a1r, . . . , r0, akr of P pF0q, say
in r0, a1r. In this case replacing the family F0 by the family F “ pq, a2, . . . , αkq
diminishes the volume of the corresponding parallelotope.
2) The vector q is not collinear to any of the vectors a1, . . . , ak. Write q as a
linear combination of vectors a1, . . . , ak and let r be the the number of non-zero
coefficients in this linear combination. We can assume that q “ β1a1 ` . . . ` βrar
with 1 ą βi ą 0 for every i. Observe that r > 2. Replacing in the family F0 the
vector aj by q (here j 6 r) we obtain a new family Fj satisfying obviously the
conditions 3) and 4) of Theorem 3.3.
Lemma 3.6. 1) For every 1 6 j 6 r the family Fj is a basis in R
k.
2) The union of the cones CFj equals CF0 .
3) For every j we have | detpFjq| ă | detpF0q|.
Proof. The proof of the points 1) and 2) of the lemma is an easy argument from
linear algebra and we will omit it. Let us just outline the geometric contents of the
point 2. Consider the pk´1q-simplex K inH with vertices lpa1qXH, . . . , lpakqXH.
Adding one more vertex lpqqXH we obtain a simplicial subdivision ofK containing
r simplices of dimension k ´ 1.
As for the point 3), let us show for example that | detpF1q| ă | detpF0q|. We
have | detpq, a2, . . . , akq| “ β1|detpa1, a2, . . . , akq| ă | detpa1, a2, . . . , akq|, and the
Lemma is proved. 
Returning to the proof of the theorem, apply the part 1) of the Lemma to deduce
that the ray lpvq is contained in one of the cones CFi , therefore one of the families
Fi satisfies the condition 2) of Theorem 3.3. This family is therefore admissible,
and | detpFiq| ă | detpF0q|, which contradicts to the assumption that | detpF0q| was
minimal among admissible families. The theorem is proved. 
4. CONICAL COMPLETIONS AND RINGS OF SPECIAL POWER SERIES
We will show in this section that the conical completions of group rings in the
case of ξ-regular families admit a description in terms of power and Laurent series
of special type. Let us start with the simplest case of free abelian group, where
this description is easy to formulate. For a multi-index I “ pi1, . . . , ikq P Nk we
denote by tI the monomial ti11 ¨ . . . ¨ tikk in variables t1, . . . , tk.
Definition 4.1. We say that a sequence of multi-indices In “ pipnq1 , . . . , ipnqk q P Zk
strongly converges to 8 and we write In ։ 8, if for every j with 1 6 j 6 k we have
i
pnq
j Ñ 8 as n Ñ 8. Let R be a commutative ring. A series of the form
(17) λ “
8ÿ
n“0
ant
In , an P R, In P Nk, and In ։ 8
will be called special power series. The set of all special power series will be
denoted by Rrrrt1, . . . , tksss. It has a natural structure of a ring and the inclusions
Rrt1, . . . , tks Ă Rrrrt1, . . . , tksss Ă Rrrt1, . . . , tkss are ring homomorphisms. △
12 ANDREI PAJITNOV
Remark 4.2. Let i P v1, kw. Any special power series λ can be considered as a
power series in ti with coefficients in the ring Rrt1, . . . , ti´1, ti`1, . . . , tks of poly-
nomials in all other variables. That is, we have a natural inclusion
Rrrrt1, . . . , tksss Ă
´
Rrt1, . . . , ti´1, ti`1, . . . , tks
¯
rrtiss. △
Similarly one defines the ring of special Laurent series with coefficients in R. The
next proposition is obvious; it will be generalized to non-abelian case later on.
Proposition 4.3. Let ξ : Zk Ñ R be a monomorphism, and Γ “ pξ1, . . . , ξkq be a
ξ-regular family. Let t1, . . . , tk be the basis of Z
k dual to the basis p´ξ1, . . . ,´ξkq of
HompZk,Zq. Put Λ “ ZrZks. The ring pΛ´Γ is isomorphic to the ring of special power
series in the variables t1, . . . , tk with coefficients in Z and the ring pΛΓ is isomorphic
to the ring of special Laurent series in the variables t1, . . . , tk with coefficients in Z.

4.1. Twisted special power series. Now let us proceed to the non-commutative
case. Apparently a first example of a polynomial ring in one variable that does not
commute with the elements of the coefficient ring (a twisted polynomial ring) was
considered by O. Ore [11], see also a book of P.M. Cohn [3], §2. These rings and
their generalizations (twisted Laurent extensions of rings, skew power series etc.)
were thoroughly studied from the point of view of their intrinsic structure (see for
example [7]), as well as from the point of view of their K-theoretic invariants (see
for example [5]). However these generalizations still do not cover the algebraic
structures arising in our present work. So we begin by a brief account of the
basic notions of the theory of twisted polynomial rings in the form suitable for our
needs.
Let A be a ring with a unit, R a subring of A, and θ1, . . . , θk P A. For I “
pi1, . . . , ikq P Nk we denote by θI the element θi11 ¨ . . . ¨ θikk . If θi are invertible, a
similar notation will be used also for I P Zk. For I “ p1, . . . , 1q we abbreviate θI to
θ. Let Σ “ tσ1, . . . , σku be a family of automorphisms of R.
Definition 4.4. We say thatA is a Σ-twisted polynomial ring in variables θ1, . . . , θk
with coefficients in R (or simply twisted multivariable polynomial ring) if
1) For every i, j we have θiθj “ rijθjθi for some rij P R.
2) For every i and every r P R we have θir “ σiprqθi.
3) A is a free left R-module with basis pθIqIPNk .
These conditions determine the ring A up to an isomorphism. This ring will be
also denoted by RΣrθ1, . . . , θks. △
Observe that the conditions 1) and 2) imply that RθI ¨ RθI “ RθI`J for all
I, J P Nk.
Remark 4.5. Ore’s twisted polynomial ring satisfies the conditions of the above
definition with k “ 1.
The next proposition is obvious.
Proposition 4.6. Let A be is a Σ-twisted polynomial ring in variables θ1, . . . , θk.
Let n P N. Then the set θnA is a two-sided ideal of A and the quotient A{θnA is a
free left R-module. Its basis is formed by the elements θI with I P Sn where
(18) Sn “ tI “ pi1, . . . , ikq P Nk | at least one of ij is 6 n ´ 1u. 
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We will abbreviate A{θnA to A{θn.
Definition 4.7. We say that A is a Σ-twisted Laurent polynomial ring in variables
θ1, . . . , θk with coefficients in R (or simply twisted multivariable L-polynomial ring)
if
1) Elements θi are invertible in A.
2) For every i, j the commutator θiθjθ
´1
i θ
´1
j is in R.
3) For every i we have θirθ
´1
i “ σiprq.
4) A is a free left R-module with basis pθIqIPZk .
These conditions determine the ring A up to an isomorphism. This ring will be
also denoted by RΣrθ˘1 , . . . , θ˘k s. △
Similarly to the case of twisted polynomial rings we have RθI ¨ RθI “ RθI`J for
all I, J P Zk.
Example 4.8. A basic example of a twisted Laurent polynomial ring arises as
follows. Let G be a group endowed with an epimorphism ζ : G Ñ Zk, let
H “ Ker ζ. Choose some free generators t1, . . . , tk of Zk and choose any el-
ements θi P G such that ζpθiq “ ti. Denote by σi the automorphism of ZH
defined by ζipxq “ θixθ´1i , and put Σ “ pσ1, . . . , σkq. Then the natural homomor-
phism ZHΣrθ˘1 , . . . , θ˘k s Ñ ZG is an isomorphism, so that the group ring ZrGs is
isomorphic to a twisted Laurent polynomial ring in k variables.
The next proposition is obvious.
Proposition 4.9. Let A be a Σ-twisted L-polynomial ring in variables θ1, . . . , θk.
Denote by A0 the left R-submodule of A generated by θ
I with I P Nk. Then A0 is a
subring of A and it is a Σ-twisted polynomial ring in variables θ1, . . . , θk. 
Let A be a Σ-twisted Laurent polynomial ring in variables θ1, . . . , θk. For j P
v1, kw denote by Aj the free left R-submodule generated by the elements θI where
the multi-index I “ pi1, . . . , ikq P Zk satisfies the condition ij > 0. It is clear that
Aj is a ring. Let n P N. The inclusion A0 ãÑ Aj induces the map of quotient rings
Jn,j : A0{θn Ñ Aj{θnj ,
Denote by Jn the direct sum of these maps
Jn “
à
j
Jn,j : A0{θn Ñ
à
j
´
Aj{θnj
¯
, j P v1, kw.
Proposition 4.10. For any n the map Jn is injective.
Proof. Let x P A0{θn, write x “
ř
I xIθ
I; here the sum ranges over I P Sn.
Assume that xI ­“ 0 for some I “ pi1, . . . , ikq. By definition of Sn there is an
integer r P v1, kw such that ir ă n. Then the image of x in Ar{θnr is non-zero. 
Let us proceed to completions of twisted polynomial rings.
Definition 4.11. Let A be a twisted polynomial ring in variables θ1, . . . , θk. Con-
sider the sequence
A Ð A{θ Ð A{θ2 Ð . . .
of natural projections and denote by pA its inverse limit. For j P v1, kw consider the
sequence
Aj Ð Aj{θj Ð Aj{θ2j Ð . . .
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of natural projections and denote by xAj its inverse limit. We have then a natural
ring homomorphism pJj : pA Ñ xAj. △
The next proposition is obvious.
Proposition 4.12. Let A be a twisted polynomial ring. Then the homomorphism pJj
is injective for every j. 
The completion of a twisted polynomial ring can be seen as a ring of special
power series (in non-commuting variables).
Definition 4.13. Let A be a Σ-twisted polynomial ring in variables θ1, . . . , θk.
Consider the set of all series of the form
(19) λ “
8ÿ
n“0
anθ
In, an P R, In P Nk, and In ։ 8.
This set has a natural ring structure determined by properties 1) and 2) of Def-
inition 4.4. We call it Σ-twisted special power series ring in variables θ1, . . . , θk
or simply twisted sp-series ring (in order to distinguish it from the usual power
series ring). We denote it by RΣrrrθ1, . . . , θksss; the inclusion RΣrθ1, . . . , θks Ă
RΣrrrθ1, . . . , θksss is a ring homomorphism. △
The next proposition is obvious.
Proposition 4.14. Let A be a Σ-twisted polynomial ring in variables θ1, . . . , θk.
There is a natural isomorphismpA « RΣrrrθ1, . . . , θksss. 
Definition 4.15. Replacing Nk by Zk in the formula (19) we obtain the definition
of Σ-twisted special Laurent series ring in variables θ1, . . . , θk or simply twisted
sl-series ring. We denote it by RΣpppθ1, . . . , θkqqq; the inclusion RΣrrrθ1, . . . , θksss Ă
RΣpppθ1, . . . , θkqqq is a ring homomorphism.
4.2. Conical completions of group rings. Now we can give an interpretation of
conical completions in terms of special power series.
Let G be group. We denote by Λ the group ring ZG. Let ζ : G Ñ Zk be an epi-
morphism, and ξ : G Ñ R, ξ1, . . . , ξk : G Ñ Z homomorphisms factoring through
ζ, that is, there are homomorphisms ξ¯ : Zk Ñ R, ξ¯i : Zk Ñ Z such that ξi “ ξ¯i ˝ ζ,
and ξ “ ξ¯ ˝ ζ.
Definition 4.16. The family Γ “ tξ1, . . . , ξku is called ξ-regular if the family
tξ¯1, . . . , ξ¯ku is ξ¯-regular. △
Denote by pt1, . . . , tkq the basis in Zk dual to the basis p´ξ¯1, . . . ,´ξ¯kq of HompZk,Zq.
Pick any elements θ1, . . . , θk P G with ζpθiq “ ti. Let
Hi “ Ker ξi and H “
č
i
Hi “ Ker pζ : G Ñ Zkq.
The subgroups Hi and H are normal in G, and the element θi determines an
automorphism σi of Hi and H as follows: σipxq “ θixθ´1i . Let θ “ θ1 ¨ . . . ¨ θk.
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Definition 4.17. Let n P N.
1) Put
Λ´i,n “
!
λ P Λ | supp λ Ă ξ´1i
´
s ´ 8,´ns
¯)
.
We abbreviate Λ´i,0 to Λ
´
i . Then Λ
´
i is a ring with a unit, and Λ
´
i,n is a two-sided
ideal of Λ´i , generated as a left (or right) ideal by θ
n
i . The quotient ring Λ
´
i
L
Λ´i,n
will be denoted by Λ
pnq
i .
2) Put Λ´Γ,n “
Ş
iΛ
´
i,n. We abbreviate Λ
´
Γ,0 to Λ
´
Γ . Then Λ
´
Γ is a ring with a unit,
and Λ´Γ,n is a two-sided principal ideal of Λ
´
Γ . The quotient ring Λ
´
Γ
L
Λ´Γ,n will be
denoted by Λ
pnq
Γ .
3) The inclusion Λ´Γ ãÑ Λ´i induces homomorphismsrJn,i : ΛpnqΓ Ñ Λpnqi .
We denote by rJn the direct sum of these mapsrJn “à
i
rJn,i : ΛpnqΓ Ñà
i
Λ
pnq
i , i P v1, kw. △
The natural isomorphism from the example 4.8 induces the isomorphisms of
the next proposition.
Proposition 4.18. Let n be a natural number and i P [1, k]. Put Σ “ tσ1, . . . , σku.
We have natural isomorphisms
(20) Λ´i « pZHiqσirθis, Λpnqi «
`pZHiqσirθis˘{θni ;
(21) Λ´Γ « pZHqΣrθ1, . . . , θks;
(22) Λ
pnq
Γ «
´
pZHqΣrθ1, . . . , θks
¯M
θn. 
The next Corollary follows from 4.10.
Corollary 4.19. The direct sum rJn of the maps rJn,i : ΛpnqΓ Ñ ΛpnqirJn “à
i
rJn,i : ΛpnqΓ Ñà
i
Λ
pnq
i , i P v1, kw.
is injective. 
Now we can proceed to conical completions. We will use the following abbrevia-
tions: pΛi “ pΛξi , pΛ´i “ pΛ´ξi .
The next proposition is obvious.
Proposition 4.20. The isomorphism (21) extends to natural isomorphismspΛ´Γ « pZHqΣrrrθ1, . . . , θksss, pΛΓ « pZHqΣpppθ1, . . . , θkqqq.
The isomorphisms (20) induce natural isomorphismspΛi « pZHiqσippθiqq, pΛ´i « pZHiqσirrθiss,pΛ´i {θnpΛ´i « Λpnqi « `pZHiqσi rθis˘{θni ;
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Observe that the inclusion pΛ´Γ Ă pΛ´i
is an analog of the injective map pJj from Proposition 4.12.
Lemma 4.21. The natural homomorphisms
λ´i : pΛ´Γ Ñ pΛ´i , λi : pΛΓ Ñ pΛi
are injective for every i. 
5. CONICAL REFINEMENT OF THE NOVIKOV COMPLEX: THE STATEMENT OF THE MAIN
THEOREM
Let ω be a Morse form on a closed connected manifold M . Denote by ξ P
H1pM,Rq its de Rham cohomology class. Let p : xM Ñ M be a regular covering
with a structure group G, such that rp˚pωqs “ 0. Then the cohomology class ξ can
be considered as a homomorphism ξ : G Ñ R. Let us factor it as follows:
G
ζ   ❆
❆❆
❆❆
❆❆
❆
ξ // R
Zk
ξ¯
>>⑦⑦⑦⑦⑦⑦⑦
where ξ¯ is a monomorphism and ζ is an epimorphism. Recall that k is called the
irrationality degree of ω. Let Λ “ ZG. Denote by Zpωq the set of all zeros of ω and
by Zrpωq the set of all zeros of ω of index r.
Theorem 5.1. Let v be a transverse ω-gradient. Then there is a ξ-regular family
Γ “ tξ1, . . . , ξku of homomorphisms G Ñ R and a chain complex N˚pω, v,Γq of
free pΛΓ-modules, freely generated in degree r by Zrpωq, and chain equivalent to
S˚pxMq b
Λ
pΛΓ.
The proof is done in Section 7. For the case k “ 1 the theorem was proved in
[15]. The next section contains a brief outline of this proof. The geometric part of
the proof of Theorem 5.1 follows the lines of [15].
6. THE CASE OF CIRCLE-VALUED MORSE FUNCTIONS
Assume that k “ 1, that is, ω “ λ ¨ df , where λ ą 0 and f : M Ñ S1 is a
Morse function non-homotopic to zero. Then ξ “ λrf s and rf s P H1pM,Zq. We
can assume that λ “ 1 and that ξ is indivisible. In this section we give only brief
indications for the proofs of Propositions and Lemmas, referring to [15] for full
proofs.
Consider the infinite cyclic covering p : M Ñ M induced from the universal
covering R Ñ S1 by the map f : M Ñ S1. Lift the function f : M Ñ S1 to a Morse
function f¯ :M Ñ R. We have a commutative diagram
xM Q //
!!❇
❇❇
❇❇
❇❇
❇ M
p
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
M
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Put pf “ f¯ ˝Q. Assume that 0 is a regular value of f¯ and let
(23) Y “ tx | pf pxq 6 0u, Yn “ tx | pf pxq 6 ´nu.
Denote by t the generator of the structure group « Z of the covering M Ñ M ,
satisfying f¯ptxq “ f¯pxq ´ 1. In this section we will abbreviate pΛ´ξ to pΛ´ and pΛξ topΛ. Let pΛ´n “ tλ P pΛ´ξ | supp λ Ă ξ´1ps ´ 8,´nsqu,
Λpnq “ pΛ´{pΛ´n.
6.1. Definition of the Novikov complex. We use the classical Witten’s reformu-
lation of the Morse theory [21]. Let v be a transverse f-gradient. Its lifts to xM and
M will be denoted by the same letter v. For a P Critkp pfq, b P Critk´1p pf q, denote
by Γpa, bq the set of flow lines of v in xM joining a with b. Applying usual Morse
theory to the cobordism f¯´1prA,Bsq, where pf paq, pfpbq PsA,Br, it is easy to see that
Γpa, bq is finite. For each p P Critpfq choose an orientation of the stable manifold
of p with respect to v, this choice induces orientations for stable manifolds of all
critical points of pf : xM Ñ R. Then each flow line γ P Γpa, bq is endowed with a
sign εpγ, vq P t´1, 1u. Let
npa, bq “
ÿ
γPΓpa,bq
εpγq.
For every critical point p P Critpfq let p¯ be the lift of p to the cobordism f¯´1pr´1, 0sq.
Put
Npp, qq “
ÿ
g
npp¯, q¯gq ¨ g P ppΛ.
It is clear thatNpp, qq P pΛ´. LetN´k be the free pΛ´-module generated by Critkpfq.
Put
Bkppq “
ÿ
qPCritk´1pfq
Npp, qqq;
we obtain a homomorphism Bk : N´k Ñ N´k´1. It is not difficult to prove that
Bk´1 ˝ Bk “ 0. Indeed, it suffices to check that the image of Bk´1 ˝ Bkppq in Λpnq
vanishes for every natural number n and every critical point p in Critkpfq, and
this is proved by applying the classical Morse theory to the cobordism f´1pr´n, 0sq.
We obtain therefore a chain complex N´˚ of free pΛ´-modules, generated in de-
gree k by Critkpfq. Let θ P G be any element in G, such that ζpθq “ t. To relate
the chain complex N´˚ to the completion of S˚pxM q we first construct a chain
equivalence Jn between S˚pY, Ynq and N´˚
L
θnN´˚ « N´˚ bpΛ´ Λpnq (see Subsection
6.2). Moreover these chain equivalences can be chosen to be compatible with each
other for different values of n. In the second part of the proof (see Subsection 6.3)
we use this compatibility to pass to the limit as n Ñ 8, and this determines the
required chain equivalence.
6.2. t-ordered Morse functions. In this subsection we outline the construction
of the chain equivalence Jn. Let Wn “ f¯´1ps ´ n, 0sq, and xWn “ Q´1pWnq.
Then Wn is a cobordism, its boundary is the disjoint union of two manifolds
B0Wn “ f¯´1p´nq, and B1Wn “ f¯´1p0q. Observe that the chain equivalence of
∆˚pY q{θn and N´˚ {θn as chain complexes over Z follows from the classical Morse
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theory, since N´˚ {θn is the Morse complex of the Morse function pf : xWn Ñ R
and ∆˚pY q{θn is isomorphic to ∆˚pxWn, B0xWnq. To construct a chain equivalence
respecting the Λpnq-structure, we introduced in [15], Lemma 5.1 the notion of
t-ordered Morse function.
Definition 6.1. Let m “ dimM . A Morse function Ψ : Wn Ñ r´1,ms on the
cobordism Wn is called t-ordered Morse function adjusted to f and v, (or just t-
ordered if no confusion is possible) if
1) v is a Ψ-gradient,
2) Ψptxq ă Ψpxq for every x,
3) For every critical point x of Ψ of index r we have r ´ 1 ă Ψpxq ă r.
The existence of t-ordered functions was proved in [15]. : Pick a t-ordered Morse
functionΨ and extend it to the whole ofM in such a way thatΨ´1pr´1,msq “Wn.
Put pΨ “ Ψ ˝Q and let Zr “ tx | pΨpxq 6 ru, so that we have
(24) Yn “ Z´1 Ă Z0 Ă . . . Zm “ Y.
Then the pair pY, Ynq is filtered by pairs pZr, Ynq, where r ranges over integers
in r´1,ms. The homology of the pair pZr, Zr´1q is computed via the classical
Morse-theoretic procedure. Namely, for every critical point p of f in ZrzZr´1 the
intersection Dp of the stable manifold of p with ZrzInt Zr´1 is homeomorphic to
the r-dimensional closed disc and determines therefore a homology class ∆p P
HrpZr, Zr´1q. Then HrpZr, Zr´1q is a free abelian group generated by the classes
∆p where p ranges over the set of critical points of pΨ belonging to ZrzZr´1. Denote
this group by F pnqr . The boundary operator of the exact sequence of the triple
pZr, Zr´1, Zr´2q endows the graded module F pnq˚ with the structure of a chain
complex.
Lemma 6.2. The map p ÞÑ ∆p induces an isomorphism
Jpnq : N´˚ {θn Ñ F pnq˚
of chain complexes over Λpnq. Therefore HrpZr, Zr´1q is a free Λpnq-module with
basis Critrpfq.
The proof of the Lemma is based on the equality ∆pg “ ∆p ¨ g which holds for
every g P Λpnq. This equality follows from the fact that Ψ is a t-ordered Morse
function. 
Thus the filtration of theΛpnq-chain complex S˚pY, Ynq by subcomplexes S˚pZr, Ynq
is cellular (or good in the terminology of [15]). Applying the classical method of
computing the homology of CW complexes from the complex of cellular chains we
deduce that the homology of F
pnq
˚ is isomorphic to H˚pY, Ynq. Moreover one can
prove that there is a canonical chain equivalence between F
pnq
˚ and S˚pY, Ynq (see
[15], §3). We obtain therefore a chain equivalence of Λpnq-complexes
Jn : N
´
˚ {θn „ // S˚pY, Ynq.
:There is a minor difference between Definition 6.1 and the definition from [15], namely, the image
of t-ordered function in [15] can be any closed interval of R.
ON THE CONICAL NOVIKOV HOMOLOGY 19
Lemma 6.3. The following diagram is homotopy commutative (the horizontal arrows
below are natural projections).
N´˚ {θn
Jn

N´˚ {θn`1oo
Jn`1

S˚pY, Ynq S˚pY, Yn`1qoo
The basic observation for the proof of this lemma is that one can choose the
ordered Morse function on the cobordism Wn`1 to be compatible with a given
ordered Morse function on Wn (see [15]), so that the projection map pY, Yn`1q Ñ
pY, Ynq preserves filtrations. 
6.3. Inverse limit of the chain equivalences. Replacing the singular chain com-
plex S˚pY, Ynq by simplicial chain complex ∆˚pY, Ynq we obtain a chain equiva-
lence N´˚
L
θnN´˚
In // ∆˚pY q{θn∆˚pY q, such that the following diagram is ho-
motopy commutative.
(25) N´˚ {θn
In

N´˚ {θn`1oo
In`1

∆˚pY q{θn ∆˚pY q{θn`1oo
Recall that p∆˚pY q « limÐ p∆˚pY q{θn, and N´˚ « limÐ N´˚ {θn. Using the diagram (25)
we construct a chain complex Z˚ and homology equivalences
p∆˚pY q // Z˚ oo N´˚
of pΛ´-complexes and deduce from it a chain equivalence
(26) p∆˚pY q „ N´˚ .
This last argument (see [15], §3, part B) is purely algebraic. Observe that the
diagram (25) does not imply immediately the required chain equivalence, since it
is commutative only up to homotopy.
Take the tensor product of the chain equivalence (26) by pΛ over pΛ´, replace the
simplicial chain complex on the left by the singular chain complex, and we obtain
the chain equivalence sought.
7. PROOF OF THE MAIN THEOREM
Let Ω “ pω1, . . . , ωkq be a pω, vq-regular family; put ξi “ rωis and let Γ “
pξ1, . . . , ξkq. We will construct the Novikov complex N˚pω, v,Γq defined over pΛΓ.
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For every i we have a commutative diagram of coverings
xM
p
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
Q // ĂM
rp

Qi
##●
●●
●●
●●
●●
M i
pi
zz✈✈
✈✈
✈✈
✈✈
✈
M
Here pi : M i Ñ M is the infinite cyclic covering corresponding to the integer
cohomology class ξi P H1pM,Zq, the map rp : ĂM ÑM is a covering with structure
group Zk, and Qi is a regular covering with structure group Z
k´1. Let pt1, . . . , tkq
be the Z-basis of Zk, dual to the Z-basis p´ξ1, . . . ,´ξkq of HompZk,Zq. Choose
θi P G such that ζpθiq “ ti. Then pΛξi is isomorphic to the ring Rippθiqq of twisted
Laurent series in θi with coefficients in the group ring Ri of the group Ker ξi.
The ring pΛΓ is isomorphic to Rpppθ1, . . . , θkqqq, where R “ ZrKer ξs and the ringpΛ´Γ is isomorphic to Rrrrθ1, . . . , θksss. Let fi : M Ñ S1 be a circle-valued Morse
function such that dfi “ ωi; then v is also an fi-gradient.
7.1. Construction of the Novikov complex. To construct the Novikov complex
we follow the same schema as in Section 6. For every zero a of ω choose a lift pa
of a to xM . The lift of the vector field v to xM will be denoted by the same letter v.
Let a, b P Zpωq with inda “ indb ` 1. Let g P G. Denote by Γpa, b; gq the set of all
flow lines of v in xM joining pa with pb ¨ g. Assume that v is a transverse ω-gradient.
For each a P Zpωq choose an orientation of the stable manifold of the point a
with respect to the flow generated by v. A standard procedure from Morse-Smale
theory associates to each γ P Γpa, b; gq a sign εpγ, vq P t1,´1u.
Lemma 7.1. The set Γpa, b; gq is finite for every g P G.
Proof. It follows immediately from Lemma 2.1 of [15], part (1), applied to the
circle-valued Morse function fi : M Ñ S1 (where i is any integer in r1, ks), and the
regular covering xM ÑM . 
This lemma enables us to define the Novikov incidence coefficient Npa, b; vq as
follows. Put
npa, b; gq “
ÿ
γPΓpa,b;gq
εpγ, vq P Z, and
(27) Npa, b; vq “
ÿ
gPG
npa, b; gqg P ppL.
Lemma 7.2. We have Npa, b; vq P pΛΓ.
Proof. The incidence coefficientNpa, b; vq belongs to the ring pΛξi by Lemma 2.1
of [15], part (2). This holds for every i therefore we have Npa, b; vq P pΛΓ “ Şi pΛξi ,
and the assertion of the lemma follows. 
ON THE CONICAL NOVIKOV HOMOLOGY 21
Let Nr be the free pΛΓ-module generated by Zrpωq. Using Lemma 7.2 we define
a homomorphism Nr Ñ Nr´1 by
(28) Bra “
ÿ
b
Npa, b; vqb.
Lemma 7.3. We have Br ˝ Br`1 “ 0 for every r, so that the graded pΛΓ-module N˚
endowed with the operator B is a chain complex.
Proof. The ring pΛΓ is a subring of pΛξi for every i, and the module N˚ is a
submodule of the Novikov complex N˚pωi, vq of the rational Morse form ωi, so the
assertion of the lemma follows from Theorem 2.2 part (1) of [15]. 
7.2. Truncated Novikov complexes. Now we can begin the construction of a
chain equivalence between N˚ and S˚pxMq b
Λ
pΛΓ. Observe that a direct application
of the results of [15] gives only a chain equivalence of chain complexes over the
ring pΛξi for each i. We start by constructing chain equivalences between certain
truncated versions of the Novikov complex and the singular chain complex. Lift
the maps fi : M Ñ S1 to functions f¯i :M i Ñ R and put pfi “ f¯i ˝Qi ˝Q : xM Ñ R.
Let
g “ maxp pf1, . . . , pfkq;
this is a continuous function xM Ñ R. We can assume that 0 is a regular value
for every function pfi, and that the chosen lifts of zeros of ω to xM are in the set
tx P xM | pfipxq Ps ´ 1, 0r @iu. Denote the set of these lifts by K and the set of the
lifts of zeros of index r by Kr. Put
Y “ tx P xM | gpxq 6 0u.
Denote by N´˚ the abelian subgroup of all formal linear combinations λ (infinite
in general) of zeros of p˚pωq belonging to Y , and subject to the following condition
pCq:
pCq: For every C 6 0 and every i the set supp λ X pf´1i prC, 0sq is finite.
Using the fact that the family pω1, . . . , ωkq is pω, vq-regular it is easy to see thatN´˚
has a natural structure of a graded free pΛ´Γ -module generated by K. We endow
it with the structure of a chain complex over pΛ´Γ using the formula (28). We have
then
N˚ « N´˚ bpΛ´
Γ
pΛΓ.
Put
Yn “ tx P xM | gpxq 6 ´nu,
let Nn˚ be the subcomplex of N
´
˚ formed by all zeros of p
˚pωq in Yn. Put
N pnq˚ “ N´˚ {Nn˚ , then N´˚ “ limÐ N
pnq
˚ .
Proposition 7.4. For every n there is a chain equivalence Jn : N
pnq
˚
„ // S˚pY, Ynq
of pΛ´Γ -complexes, such that the following diagram is chain homotopy commutative
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(29) N
pnq
˚
Jn

N
pn`1q
˚
Jn`1

oo
S˚pY, Ynq S˚pY, Yn`1qoo
(where the horizontal arrows are the natural projections).
Proof. For i P v1, kw Let τi be the generator of the structure group « Z of the
covering M i Ñ M , such that f ipτixq “ f ipxq ´ 1. Fix a natural number n; let
Wn,i “ f¯´1i pr´n, 0sq ĂM i;
this is a cobordism with two boundary components: f¯´1i p´nq and f¯´1i p0q. Choose
a τi-ordered Morse function Ψi : Wn,i Ñ r´1,ms (where m “ dimM ). It will be
convenient to extend it to a function M i Ñ R (denoted by the same symbol Ψi) in
such a way that Ψ´1i
`r´1,ms˘ “Wn,i. LetpΨi “ Ψi ˝Qi ˝Q; Ψpxq “ max
i
pΨipxq;
then Ψ is a continuous function on xM and
Ψ´1 ps ´ 8,msq “ Y, Ψ´1 ps ´ 8,´1sq “ Yn.
Put
Zr “ tx | Ψpxq 6 ru phere r “ ´1, . . . ,mq.
We will now compute the homology of pairs pZr, Zr´1q. Recall that we use the
following notation
Λ´Γ,n “
 
λ P ZG | ξipsupp λq Ăs ´ 8,´ns for every i
(
,
Λ´Γ “ Λ´Γ,0; ΛpnqΓ “ Λ´Γ
L
Λ´Γ,n.
Then Λ´Γ is a ring with a unit isomorphic to the twisted polynomial ring pZHqrθ1, . . . , θks
(where H “ Ker ξ) and ΛpnqΓ is the principal ideal of ΛΓ generated by the element
θn where θ “ θ1 ¨ . . . ¨ θk. The ring ΛpnqΓ is a free left ZH-module generated by
monomials θI where the multi-index I P Nk has at least one coordinate 6 n ´ 1.
Since the functions Ψi are τi-ordered, the homology of every pair pZr, Zr´1q is
an Λ
pnq
Γ -module. Let σ be a zero of p
˚pωq belonging to ZrzZr´1. It is easy to see that
the intersection Dσ of the stable manifold of σ with ZrzInt Zr´1 is homeomorphic
to an r-dimensional disc, and the pair pDσ, BDσq is homeomorphic to pDr, Sr´1q.
A zero of p˚pωq belonging to Y zYn has index r if and only if it is contained in
ZrzZr´1. The chosen orientations of the stable manifolds of the flow generated by
v determine orientations of discs Dσ, compatible with the action of the structure
group of the covering p. For every σ the orientation of the disc Dσ determines
a homology class ∆σ P HrpZr, Zr´1q. Using the fact that the functions Ψi are
ti-ordered it is easy to see that
(30) ∆σg “ ∆σ ¨ g for every g P ΛpnqΓ .
Lemma 7.5. The Λ
pnq
Γ -module Fr “ HrpZr, Zr´1q is free with the basis t∆σuσPKr .
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Proof. A standard Morse-theoretic argument implies that the homology of the
pair pZr, Zr´1q is non-zero only in degree r and in this degree it is a free abelian
group generated by the elements ∆σ where σ ranges over the set of zeros of p
˚pωq
in ZrzZr´1. It is easy to see that every such zero σ can be written uniquely in a
form a ¨ θI where a P Kr and a multi-index I “ pi1, . . . , ikq P Nk has at least one
coordinate 6 n´1. Applying the equality (30) we complete the proof of the lemma.

Lemma 7.6. The map σ ÞÑ ∆σ determines a basis-preserving isomorphism of the
chain complexes N
pnq
˚ and F˚.
Proof. The assertion of the Lemma is equivalent to the statement that the
boundary operator of the homology exact sequence of the triple pZr, Zr´1, Zr´2q is
given by the formula (28) modulo θn. We will deduce this statement from the sim-
ilar one concerning the filtrations discussed in Section 6 (the case of circle-valued
Morse functions). Let
Xi “ tx P xM | pfipxq 6 0u, Xn,i “ tx P xM | pfipxq 6 ´nu,
so that
Y “
č
i
Xi, Yn “
č
i
Xn,i.
Recall from Section 6, (23), (24) the filtration of Xi induced by the function pΨi;
denote the terms of this filtration by Zr,i to emphasize here the dependence of
these sets on i P [1, k]. We have then
Xn,i “ Z´1,i Ă Z0,i Ă . . . Zm,i “ Xi.
Denote by N˚,i the Novikov complex associated to the circle-valued Morse func-
tion fi, its gradient v and the covering p : xM Ñ M . Denote the corresponding
truncated version by N
pnq
˚,i . We have an obvious commutative diagram
N pnqr //
Ai

HrpZr, Zr´1q
Bi

N
pnq
r,i
// HrpZr,i, Zr´1,iq
Both horizontal arrows are isomorphisms, and the lower one commutes with
the differentials by Lemma 6.2 of Section 6. Denote by A, resp. B the direct sum
of the maps Ai and Bi. We obtain the following diagram
N pnqr //
A

HrpZr, Zr´1q
B
À
iN
pnq
r,i
//À
iHrpZr,i, Zr´1,iq
Both horizontal arrows are isomorphisms, the bottom arrow commutes with dif-
ferentials, as well as the maps A and B. It remains to observe that the map A is
injective by Corollary 4.19 and the proof of our Lemma is complete. 
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The filtration of the chain complex S˚pY, Ynq by subcomplexes S˚pZr, Ynq is
therefore cellular. Similarly to the case of circle-valued Morse function (see Lemma
6.2 and the argument after it) we conclude that there is a chain equivalence
Jn : N
pnq
˚
„ // S˚pY, Ynq
as required by the first assertion of Proposition 7.4.
Proceed to the proof of commutativity of the diagram (29). Following §5 of [15]
(see p. 324, and Proposition A. 9) it is easy to prove that the chain equivalence Jn
does not depend up to homotopy on the choice of τi-ordered Morse functionsΨi on
Wn,i. Let i be any integer in [1, k]. It is shown in §5 of [15] that for a given n we can
choose τi-ordered Morse functionsΨi : Wn,i Ñ r´1,ms andΦi : Wn`1,i Ñ r´1,ms
in such a way that for every x P Wn,i we have Φipxq > Ψipxq, so that the inclusion
of pairs pXi,Xn`1,iq 
 // pXi, Xn,iq is compatible with the filtrations in these
pairs induced by Φi, resp. Ψi. Then the inclusion of pairs pY, Yn`1q 
 // pY, Ynq
is also compatible with the filtrations in these pairs induced by functions Φ “
maxiΦi andΨ “ maxiΨi. The homotopic commutativity of the square (29) follows
now from Lemma 3.2 and Corollary 3.4 of [15]. The proof of Proposition 7.4 is now
over. 
7.3. Inverse limits of complexes and the end of the proof of Theorem 5.1.
We will now construct a chain equivalence between N˚ and S˚pxM q b
Λ
pΛΓ. We have
(31) N´˚ « limÐ N
pnq
˚ , pS´˚ pxM,Fq « limÐ S˚pY, Ynq
(hereF “ p pf1, . . . , pfkq). We wish to apply Proposition 7.4 and build up the required
chain equivalence from the maps Jn. However the diagrams (29) commute only
up to homotopy and we need some more homological algebra to achieve the goal.
These algebraic tools will be developed in this section (following largely [15], § 3B).
Lemma 7.7. ([15], Prop. 3.7. 1) ) Let
A1˚ Ð . . . Ð As˚ Ð . . . , B1˚ Ð . . . Ð Bs˚ Ð . . .
be inverse sequences of chain complexes over a ring R. Let hi : A
i
˚ Ñ Bi˚ be chain
equivalences such that every square
Ai˚
hi

Ai`1˚oo
hi`1

Bi˚ B
i`1
˚oo
is homotopy commutative. Let
A˚ “ limÐ A
i
˚, B˚ “ limÐ B
i
˚.
Then there is a chain complex D˚ over R and homology equivalences
A˚ // D˚ oo B˚. 
Proposition 7.8. LetA˚, D˚, B˚ be chain complexes overR and A˚
α // D˚
βoo B˚
homology equivalences. Assume that A˚ is a free chain complex. Then there is a
homology equivalence γ : A˚ Ñ B˚ such that β ˝ γ „ α.
Proof. First off we would like to replace the arrow β by an epimorphism.
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Definition 7.9. Let M be an R-module. The chain complex
κ˚ “ t0 oo Ck Boo Ck`1 oo 0u
where Ck “ Ck`1 “ M and B “ id is called elementary collapsible chain complex,
concentrated in degrees k, k ` 1. A direct sum of elementary collapsible chain
complexes is called collapsible chain complex. △
Lemma 7.10. Let φ : B˚ Ñ F˚ be a chain map inducing an epimorphism in H0.
Then there is a collapsible chain complex K˚ and an epimorphic extension φ1 :
B˚ ‘K˚ Ñ F˚ of the map φ.
Proof: Let κk˚ be the chain complex κ˚ “ t0 Ð Fk
idoo Fk Ð 0u concentrated
in degrees k ´ 1, k. The maps id : Fk Ñ Fk and B : Fk Ñ Fk´1 determine chain
maps µk : κ
k
˚ Ñ F˚. Put K˚ “
À
k>1 κ
k
˚ . We obtain a map µ : K˚ Ñ F˚. Put
φ1 “ pφ, µq. The required properties are easy to check. 
Lemma 7.11. Let α : A˚ Ñ F˚ and γ : E˚ Ñ F˚ be homology equivalences of
chain complexes, such that γ is epimorphic and A˚ is free. Then there is a chain
map ξ : A˚ Ñ E˚ such that γ ˝ ξ “ α.
Proof: The homomorphisms ξr : Ar Ñ Fr commuting with boundary operators
are constructed by induction in r. Assuming that we constructed ξ1, . . . , ξr and let
e be a free generator of Ar`1. Choose any element y P Er`1 such that γpyq “ αpeq.
Observe that ζ “ By ´ ξnpBeq is a cycle; moreover it is in the chain complex
Z˚ “ Ker γ, which is acyclic. Therefore ζ “ Bν with ν P Ker γ. Put ξr`1peq “ y´ ν;
then ξrpBeq “ Bξr`1peq. Similarly we extend the map ξr`1 to all the free generators
of Ar`1. 
Proposition 7.8 is now easy to deduce. 
We can now complete the proof of Theorem 5.1. Applying Lemma 7.7 and
Proposition 7.8 we obtain a homology equivalence of pΛ´Γ -complexes µ : N´˚ ÑpS´˚ pxM,Fq. Take the tensor product with pΛΓ, and we obtain a chain maprµ “ µ b Id : N´˚ bpΛ´
Γ
pΛΓ Ñ pS´˚ pxM,Fq bpΛ´
Γ
pΛΓ.
The proof of the next lemma is similar to proof of Proposition 2.12 and will be
omitted.
Lemma 7.12. The chain map rµ is a homology equivalence. 
Applying Propositions 2.12 and Proposition 2.15 we obtain the following homology
equivalences:
N˚ « N´˚ bpΛ´
Γ
pΛΓ Ñ pS˚pxM,Γq Ð S˚pxM q b
Λ
pΛΓ.
Applying again Proposition 7.8 we obtain a homology equivalence
(32) N˚
λ // S˚pxM q b
Λ
pΛΓ
Both chain complexes in (32) are free, therefore λ is a chain homotopy equivalence.
The proof of Theorem 5.1 is over. 
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8. APPENDIX 1. ON THE PITCHER INEQUALITIES FOR CIRCLE-VALUED MORSE MAPS
In the paper [16] Everett Pitcher obtained a lower bound for the number of
critical points of a circle-valued Morse map. His remarkable work, dating back
to 1939, is probably the first development in the circle-valued Morse theory. In
this Appendix we give an exposition of Pitcher’s work and relate it to the Novikov
homology. We show in particular that the numbers Qk introduced by Pitcher
equal Novikov Betti numbers, so that Pitcher’s inequalities are equivalent to the
torsion-free part of the Novikov inequalities.
8.1. Pitcher inequalities. We will use the terminology of E. Pitcher in order to
stay as close as possible to his setup. Let L be a closed manifold, and θ : L Ñ
S1 “ R{2πZ a Morse map. The image θ˚pH1pLqq Ă H1pS1q “ Z is a subgroup αZ
of Z, where α is a positive integer. Let us assume for simplicity of exposition that
α “ 1. Let K Ñ L be the corresponding infinite cyclic covering, and F ˚ : K Ñ R
be a Morse function making the following diagram commutative
K
F˚ //

R

L
θ // S1
Denote by T the generator of the structure group of the covering, such that
F ˚pTxq “ 2π ` F ˚pxq. Choose a regular value A of F ˚ and let B “ A ` 2π. The
set tx | F ˚pxq Ă rA,Br u is a fundamental domain for the action of the group Z on
K. To give the definition of the Pitcher’s invariant Qk, let us introduce some more
terminology. The closure of the fundamental domain above will be denoted by
W ; it is a cobordism whose boundary is a disjoint union pF ˚q´1pAq \ pF ˚q´1pBq
of two regular level surfaces of F ˚. Let t “ T´1, denote pF ˚q´1pBq by V , then
BW “ V \ tV . Let V ´ “ pF ˚q´1ps ´ 8, Bsq then pF ˚q´1ps ´ 8, Asq “ tV ´. E.
Pitcher defines two numerical homological invariants of this configuration (see the
two paragraphs before Theorem I on the page 430 of [16]).
1) The count of the new k-cycles.
In our notation this is the dimension of the quotient HkpV ´q{tHkpV ´q (all ho-
mology groups are with rational coefficients). Let us denote this number by Rk.
2) The count of newly bounding k-cycles.
This is the dimension of Ker
´
HkpV ´q t // HkpV ´q
¯
. Let us denote this num-
ber by Sk. The invariant Qk introduced by Pitcher is by definition the count of the
new k-cycles less the count of newly bounding k-cycles, that is,
(33) Qk “ Rk ´ Sk.
We shall see a bit later, that Qk is a positive integer. It follows immediately from
the exact sequence of the pair pV ´, tV ´q that
(34) bkpV ´, tV ´q “ Rk ` Sk´1
(where bkpV ´, tV ´q denotes the Betti number in degree k of the pair pV ´, tV ´q).
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Denote by Mk the number of critical points of θ of index k. The classical Morse
inequalities applied to the function F ˚ on the cobordism W imply the inequalities
Mk > bkpV ´, tV ´q > Rk > Qk.
One deduces the inequalities including the alternated sums of the above invari-
ants:
Theorem 8.1. (Theorem I [16]) for every k we have
(35) Mk ´Mk´1 `Mk´2 ` ... > Qk ´Qk´1 `Qk´2 ` ...
Proof: Let us abbreviate bkpV ´, tV ´q to βk. Using the definition (33) of the
Pitcher numbers Qk and the formula (34) it is easy to see that
βk ´ βk´1 ` βk´2 ` ... “ Sk `Qk ´Qk´1 `Qk´2 ` ...
The classical Morse inequalities say
(36) Mk ´Mk´1 `Mk´2 ` ... > βk ´ βk´1 ` βk´2 ` ...
and the theorem follows. 
8.2. Pitcher numbers and Novikov Betti numbers. Let P “ Qrts. The num-
bers Qk have a simple interpretation in terms of the P -module structure of the
homology HkpV ´q. The canonical decomposition of this module writes as follows:
(37) HkpV ´q « P ak ‘
` ckà
i“1
P {tniP ˘ ‘ ` dkà
i“1
P {AiP
˘
where ni P N, 0 ă ni 6 ni`1 and Ai P Qrts are non-constant polynomials with
non-zero free term, Ai | Ai`1. We have then
Rk “ ak ` ck, Sk “ ck.
Therefore ak “ Qk. Let Λ “ Qrt, t´1s. Then H˚pKq « H˚pV ´q b
P
Λ, and the rank of
the Λ-module HkpKq equals ak “ Qk. We deduce therefore the following results:
Theorem 8.2. (Theorem IV [16] ) The numbers Qk are homotopy invariants of L and
the homotopy class of θ.
Theorem 8.3. The number Qk equals the Novikov Betti number pbkpL, rθsq.
28 ANDREI PAJITNOV
9. APPENDIX 2. AN EXAMPLE: NOVIKOV COMPLEX WHOSE INCIDENCE COEFFICIENT
HAS ARBITRARILY SMALL CONVERGENCE RADIUS
Let q be any integer > 3. In this Appendix we construct a circle-valued Morse
function f on a 3-manifold, and its transverse gradient u with the following prop-
erties:
1) The function f has exactly two critical points with indices 2 and 1.
2) The unique Novikov incidence coefficient is a power series of the formř
k akt
k where ak „ C ¨ qk, and C ­“ 0 (see the formula (38)).
3) This incidence coefficient is stable with respect to C0-small perturbations
of the gradient.
The property 2) above implies that the convergence radius of the Novikov incidence
coefficient equals 1{q, thus it converges to 0 as q Ñ 8. The construction gener-
alizes the example from the author’s work [12], §3. The proof uses the author’s
theory of cellular gradients ([14], [13]). and we begin by a brief outline of this
theory. The example itself is constructed in Section 9.2, and the reader can start
reading this section consulting the introductory Section 9.1 when necessary. :
9.1. Cellular gradients and rationality theorem.
9.1.1. Cellular gradients of Morse functions on cobordisms.
Let f : W Ñ ra, bs be a Morse function on a compact cobordism W ; put B1W “
f´1pbq, B0W “ f´1paq. Pick an f-gradient V . For a P Critpfq we denote by
Dpa, vq the descending disc of a, that is, the stable manifold of a with respect
to flow induced by v. We denote by Dpvq the union of all descending discs and
by Dpind6k ; vq the union of all descending discs of critical points of indices 6 k.
For x P B1W zDp´vq we denote by p´vq pxq the point where the p´vq-trajectory
γpx, t;´vq starting at x intersects B0W . The correspondence x ÞÑ p´vq pxq is
then a diffeomorphism of B1W zDp´vq onto B0W zDpvq. If Critpfq ­“ H this map is
not extensible to a continuous map of B1W to B0W . However we have shown in
[14], see also [13], Part 3 that for a C0-generic gradient this map can be endowed
with a structure that closely resembles a cellular map of a CW-complex.
Definition 9.1. ‚ Let φ : N Ñ R be a self-indexing Morse function on a
closed manifold N (that is, φ | Critkpφq “ k). Put Ni “ φ´1
´
s ´8, i` 1{2s
¯
.
The filtration
H “ N´1 Ă N0 Ă . . . Nr “ N
where r “ dimN is called the Morse-Smale filtration associated to φ (or
MS-filtration for brevity).
‚ For a given MS-filtration tNiu of N the filtration by submanifolds xNj “
NzNr´j´1 is also an MS-filtration, called the dual MS-filtration of the filtra-
tion tNiu
:After this article was submitted to EJM, the paper [9] of F. Laudenbach and C. Moraga appeared.
In this paper the authors announce a construction of a Morse-Novikov complex with infinite series
coefficients.
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Remark 9.2. The term Ns of an MS-filtration is the result of attaching to N´1 of
handles of indices 6 s; it is a manifold with boundary homotopy equivalent to an
s-dimensional CW-complex.
Definition 9.3. An f-gradient v is called almost transverse if Dpp, vq ⋔ Dpq,´vq
whenever indp 6 indq.
The set of all f-gradients is denoted by Gpfq, the set of all almost transverse
f-gradients is denoted by GApfq, the set of all transverse f-gradients is denoted
by GT pfq.
Definition 9.4. Let f : W Ñ ra, bs be a Morse function on a cobordism W and
v an almost transverse f-gradient. We say that v satisfies condition pCq if there is
a Morse-Smale filtration tB1W ku of B1W and a Morse-Smale filtration tB0W ku of
B0W such that for every k
p´vq pB1W kq Ă Int B0W k Ą Dpind6k`1 , vq X B0W,(C1)
 
v
´ zB0W k ¯ Ă Int zB1W k Ą Dpind6k`1 ,´vq X B1W.(C2)
The gradients satisfying condition pCq will be also called cellular gradients, or
C-gradients. The set of all cellular gradients of f will be denoted by GCpfq.
The following theorem is one of the main results of [14], we cite it here using
the terminology of [13], Part 3.
Theorem 9.5. The subset GCpfq Ă GApfq is open and dense in C0-topology.
Let v be a cellular f-gradient for a Morse function f on a cobordism W . Con-
sider the compact topological space B1W k{B1W k´1 obtained by shrinking the sub-
space B1W k´1 to a point denoted rk´1. The image of a point y P B1W k in the space
B1W k{B1W k´1 will be denoted by y¯. Similar notation will be used for B0W , the
shrunk subspace B0W k´1 will be denoted by sk´1. The next theorem describes
the cellular-like structure on the map p´vq (see [13], p. 234).
Theorem 9.6. If v is a cellular f -gradient then for every k there is a continuous
map
p´vq։ : B1W k{B1W k´1 Ñ B0W k{B0W k´1
such that p´vq։prk´1q “ sk´1 and
p´vq։pxq “ sk´1 if x P Dp´vq;
p´vq։pxq “ p´vq pxq if x R Dp´vq.
Definition 9.7. The map induced by p´vq։ in homology is denoted by
Hkp´vq : HkpB1W k, B1W k´1q Ñ HkpB0W k, B0W k´1q
and called homological gradient descent.
This homomorphism is stable with respect to C0-small perturbations of the
gradient, as shown in [13], p.282:
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Proposition 9.8. Let v be a cellular gradient of a Morse function f : W Ñ ra, bs.
There is δ ą 0 such that for every f -gradient w with ||w´v|| ă δ the homomorphisms
Hkp´vq, Hkp´wq : HkpB1W k, B1W k´1q Ñ HkpB0W k, B0W k´1q
are equal.
9.1.2. Cellular gradients for circle-valued Morse functions and their Novikov com-
plexes.
Let f : M Ñ S1 “ R{Z be a Morse function, we will assume that its class
rf s in H1pM,Zq is indivisible. Let M Ñ M be the corresponding infinite cyclic
covering; lift the function f to a real-valued Morse function F : M Ñ R. Let λ be
a regular value of F , put V “ F´1pλq. We have a cobordism W “ F´1prλ ´ 1, λsq
and a Morse function F |W : W Ñ rλ ´ 1, λs. Let t be a generator of the structure
group « Z of the covering, such that F ptxq “ F pxq ´ 1. The map t´1 determines a
diffeomorphism B0W Ñ B1W which will be denoted by I. An f-gradient v induces
an F -gradient, denoted by the same symbol v.
Definition 9.9. ‚ An f-gradient v is called cellular with respect to λ if the
induced F -gradient onW is cellular with respect to some MS-filtration tNiu
on B0W and the MS-filtration tIpNiqu on B1W .
‚ An f-gradient v is called cellular if it is cellular with respect to λ for some
regular value λ of f .
‚ The set of all cellular gradients of f is denoted GCpfq.
The following theorem is one of the main results of [14], concerning circle-valued
Morse functions; we cite it here in the terminology of [13], Ch. 12.
Theorem 9.10. 1) The subset GCpfq Ă Gpfq is open and dense in Gpfq with
respect to C0-topology.
2) The subsetGCpfqXGT pfq Ă GT pfq is open and dense in GT pfq with respect
to C0-topology.
Let v be a cellular f-gradient. For every k we have an endomorphism
Hkp´vq “ I˚ ˝Hkp´vq : HkpB1W k, B1W k´1q Ñ HkpB1W k, B1W k´1q.
The Proposition 9.8 implies the following Corollary.
Corollary 9.11. Let v be a cellular f -gradient. There is δ ą 0 such that for every
f -gradient w with ||v ´ w|| ă ǫ and every r we have Hkp´vq “ Hkp´wq.
It turns out that the Novikov complex N˚pf, vq can be computed in terms of
this homomorphism. Let p P Critk`1pfq, q P Critkpfq. Choose the lifts p¯, q¯
of the points p, q to M in such a way that p¯, q¯ P t´1W . Since v is cellu-
lar, the k-dimensional submanifold T “ Dpp¯, vq X B1W is in B1W k, and the set
B1W kz Int B1W k´1 is compact. Choose some orientations of descending discs
Dpp, vq, Dpq, vq. We have then the fundamental class rT s P HkpB1W k, B1W k´1q.
Assume for simplicity of exposition that M is oriented. Similarly, the pr ´ kq-
dimensional submanifold S “ Dptq¯,´vq X B1W determines a class
rSs P Hr´k
´zB1W r´k, zB1W r´k´1¯,
where r “ dimV “ dimM ´ 1. The intersection index xrT s, rSsy P Z is defined.
The next theorem (see [13], p. 379) expresses the Novikov incidence coefficient
Npp, q; vq P Zpptqq in terms of the gradient descent homomorphism.
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Theorem 9.12. We have
Npp, q; vq “ n0pp, q; vq `
ÿ
m>0
A
pHkp´vqqm
`rT s˘, rSsEtm`1.
(Here n0pp, q; vq P Z is the incidence coefficient of the critical points p, q in the cobor-
dism W ; the brackets x¨ , ¨y denote the intersection index.)
The next Corollary is obtained by a standard argument from linear algebra.
Corollary 9.13. For any cellular gradient v the Novikov incidence coefficientNpp, q; vq
is a rational function of the form
P ptq
Qptq where P,Q P Zrts and Qp0q “ 1.
9.2. An example.
Let T2 be the 2-dimensional torus, α be its parallel, β its meridian. Consider
two disjoint closed discs D1, D2 in T
2 which do no intersect αYβ. Removing their
interiors from T2 we obtain a surface S, whose boundary is the disjoint union of
two circles B1S and B2S (see the upper image on the Fig. 1).
Attach a copy Sp1, 1q of S to another copy Sp1, 2q of S, identifying B2Sp1, 1q
with B1Sp1, 2q. We obtain a surface of genus 2 with two components of boundary:
B1Sp1, 1q and B2Sp1, 2q. Attaching the copies D1p1q, D2p1q of the discs D1, D2 to
these components gives a closed surface N of genus 2. One more copy of this
surface will be denoted by K (see the bottom of the Fig. 1). Similarly we glue
together three copies Sp1{2, 1q, Sp1{2, 0q, Sp1{2, 2q of S and attach to it two discs
D1p1{2q,D2p1{2q to obtain a closed surface L of genus 3 (depicted in the middle of
the figure). Associate to every point in D1p1{2q Y Sp1{2, 1q Y Sp1{2, 0q its copy in
D1p1q Y Sp1, 1q Y Sp1, 2q; this determines a diffeomorphism which will be denoted
by Ip1{2, 1q. Similarly, we construct a diffeomorphism Ip1{2, 0q of the surface
Sp1{2, 0q Y Sp1{2, 2q YD1p1{2q onto Sp0, 1q Y Sp0, 2q YD2p0q.
A surgery along the circle βp1{2, 2q yields a surface naturally diffeomorphic to
N . Attaching the corresponding handle of index 2 to Lˆr0, ǫs gives a cobordismW1
endowed with a Morse function F1 : W1 Ñ r1{2, 1s. This Morse function has one
critical point x2 of index 2. Pick a gradient w1 for this function in such a way that
A1) The ascending disc Dpx2,´w1q intersects the level surface N “ F´11 p1q by
two points in the interior of D2p1q.
A2) The diffeomorphism
 
w1 sends D2p1{2q to the interior of D2p1q.
A3) The restriction of
 
w1 to D1p1{2q Y Sp1{2, 1q Y Sp1{2, 0q equals Ip1{2, 1q ev-
erywhere except a small tubular neighbourhood T1 of the circle BD1p1{2q.
Further,
 
w1pT1q “ Ip1{2, 1qpT1q and the  w1-image of D1p1{2q contains D1p1q
in its interior.
Similarly, we do a surgery along the circle βp1{2, 1q and obtain a surface nat-
urally diffeomorphic to K. Attach the corresponding handle to L ˆ r´ǫ, 0s, get
a cobordism W0 endowed with a Morse function F0 : W0 Ñ r0, 1{2s having one
critical point x1 of index 1. Pick an F0-gradient w0 such that
B1) The descending disc Dpx1, w0q intersects the level surface K “ F´10 p0q by
two points in the interior of D1p0q.
B2) The diffeomorphism p´w0q sends D1p1{2q to the interior of D1p0q.
B3) The restriction of p´w0q to Sp1{2, 0q Y Sp1{2, 2q YD1p1{2q equals Ip1{2, 0q
everywhere except a small tubular neighbourhood T2 of the circle BD2p1{2q.
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Further, p´w0q pT2q “ Ip1{2, 0qpT2q and the p´w0q -image of D2p1{2q con-
tains D2p0q in its interior.
We have BW1 « N \ L, BW0 « L \ K; attaching W1 to W0 along the L-
component of their boundaries we obtain a cobordism W with boundary BW «
N \ K, endowed with a Morse function F : W Ñ r0, 1s, such that CritpF q “
tx1, x2u, indxj “ j. The gradients w0 and w1 can be glued together (modify-
ing them appropriately nearby L if necessary) so that the resulting gradient w is
cellular F -gradient (see Definition 9.4). To show this we introduce Morse-Smale
filtrations on B0W and B1W . Let
N0 “ D1p1q, N1 “ D1p1q Y Sp1, 1q Y Sp1, 2q, N2 “ N.
The filtration N0 Ă N1 Ă N2 is then a MS-filtration of N . The image of this
filtration with respect to the natural diffeomorphism J : N Ñ K is a MS-filtration
K0 Ă K1 Ă K2 on K. The properties A1) – A3) and B1) – B3) imply the following:
pD1q Dpxi, wq X B0W Ă Int Ki´1 for i “ 1, 2
pD2q p´wq pNiq Ă Int Ki for i “ 0, 1, 2.
And we have also the dual properties
pU1q Dpxi,´wq X B1W Ă Int xN2´i for i “ 1, 2
pU2q  wpxKiq Ă Int xNi for i “ 0, 1, 2.
(recall that xNi and xKi denote the MS-filtrations dual to the filtrations Ni, resp.
Ki). The conjunction of the properties pD1q, pD2q is just a reformulation of the
condition (C1); similarly the conjunction of the properties pU1q, pU2q is equivalent
to (C2). The F -gradient w is therefore cellular.
The 3-manifold M and a circle-valued function on it will be obtained by gluing
N to K via a diffeomorphism that we will now describe. Put
a1 “ rαp1, 1qs, a2 “ rαp1, 2qs, b1 “ rβp1, 1qs, b2 “ rβp1, 2qs.
The family B “ pa1, b1, a2, b2q is then a basis in H1pNq. The same embedded
circles determine the homology classes in H1pN1{N0q, they will be denoted by
the same letters by a certain abuse of notation. Similarly we obtain a base C “
pa11, b11, a12, b12q in H1pKq and H1pK1{K0q. Denote by J : N « // K the natural
diffeomorphism, then we have J˚pBq “ C. Consider the automorphism ofH1pKq «
Z4 given in the base C by the following matrix
S “
¨˚
˚˝ 0 2 1 00 0 0 1
0 1 0 0
´1 q 0 ´2
‹˛‹‚
where q is any integer > 3. It is easy to check that S preserves the intersection
form on H1pNq therefore there is a diffeomorphism Φ : K Ñ K inducing S in
H1. We can assume that Φpxq “ x for x P D1p0q Y D2p0q. Identifying each point
y P K with JΦpyq P N we obtain a 3-manifold M ; the Morse function F induces
a map f : M Ñ S1. The F -gradient w induces an f-gradient v. Observe that v is
a cellular f-gradient with respect to regular level surface N and its MS-filtration
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tNiu. The matrix of the endomorphism H1p´vq : H1pN1{N0q Ñ H1pN1{N0q is
easy to compute; it equals
M “
¨˚
˚˝0 0 0 20 0 0 0
0 0 0 1
0 0 ´1 q
‹˛‹‚.
Pick a transverse f-gradient u sufficiently close to v in C8 topology so that u is
still a cellular f-gradient with respect to the level surface N and its MS-filtration
tNiu, and H1p´uq “ H1p´vq. The Novikov incidence coefficient Npx2, x1;uq is
now easy to compute. Let T be the J´1-image in N of Dpx2, uq XK, and θ “ rT s P
H1pN1{N0q. Then θ “ b1´2b2. Let S “ Dpx1,´uqXN then rSs “ b1 P H1pN1{N0q.
Applying Theorem 9.12 we obtain
nk`1px2, x1;uq “
@
M
kpθq, b1
D
.
We have Mkpθq “ p´2q ¨ Mkpb2q. Therefore nk`1px2, x1;uq equals the first coor-
dinate of the vector p´2q ¨ Mkpb2q with respect to basis B. Computing this first
coordinate is a routine exercise in linear algebra which will be left to the reader.
We give just the result:
nk`1px2, x1;uq “
´4a
q2 ´ 4
´
Ak ´Bk
¯
,(38)
where A “ pq `
a
q2 ´ 4q{2; B “ pq ´
a
q2 ´ 4q{2.(39)
The properties of f and v stated in the beginning of this Appendix are now obvious.
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